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ANALYSIS OF SOME LOCAL CLADDING 
STRESS CONCENTRATIONS--A PROGRESS REPORT 

by 

I-Chih Wang and R. W. Weeks 

ABSTRACT 

As a first step toward the development of fuel-element 
failure cr i ter ia , a general elasticity solution is derived for a 
thick cylindrical shell under mechanical-loading conditions that 
can be expressed in the Four ier Ser ies . Appropriate ser ies 
a re then developed for several loading conditions of interest , 
namely, radial and tangential loads due to fuel-pellet bambooing, 
a radial pointloading that might result from fuel chips between 
fuel pellets and the cladding, and a spiral- l ine loading that is 
probably due to the spi ra l -wire wrap. An outline for numerical 
solution of the corresponding creep deformation problems is 
also included. 

I. INTRODUCTION 

Most of the presently available analyses "̂  of fuel elements use 
plane-s t ra in assumptions and, therefore, neglect the potential s t r e s s and/or 
thermal concentrations that may be expected to a r i se during normal reactor 
operation. These local effects may result from the initial form of the fuel, 
subsequent fuel cracking, local cladding imperfections, out-of-round effects, 
or the sp i ra l -wire wrap that separates the fuel elements in a subassembly. 

Near the end of the useful lifetime of a fuel element, the s t r e s s , 
strain, and/or thermal concentration effects become the dominant factors 
in determining both the advent and the mechanism of fuel-element failure. 
In the analysis of accident situations, which may occur at any t ime, the 
mechanism of failure will again be influenced by local s t r e s ses and hot spots. 

As a first step in developing a better understanding of fuel-element 
s t r ess concentrations, the elastic shell analysis of the "bambooing," or c i r 
cumferential clad ridging, problem has been undertaken. In addition, the 
elastic shell analyses for point and spiral- l ine loading, corresponding to 
fuel chips and the spi ra l -wire wrap, respectively, have been formulated. 

Bambooing of the cladding occurs at the fuel-pellet interfaces during 
reactor cycling. It is caused, at least in part , by the nonuniform expansion 



of the fuel p e l l e t s , which e x p e r i e n c e l a r g e , r a d i a l t e m p e r a t u r e g r a d i e n t s . 
Loca l d e f o r m a t i o n s a s s o c i a t e d wi th b a m b o o i n g a r e m o s t p r o n o u n c e d m fuel 
e l e m e n t s subjected to high coolant p r e s s u r e s . The e l a s t i c she l l a n a l y s i s 
used in the bambooing p r o b l e m a l so f o r m s the f i r s t s t ep in the i n v e s t i g a 
tion of the loca l effects caused by fuel c r a c k i n g and s p i r a l - w i r e w r a p . 

In s e v e r a l e x p e r i m e n t a l s t u d i e s , * - ' the b a m b o o m g p r o b l e m h a s been 
o b s e r v e d and identif ied, but only B l a i r and V e e d e r ' " a p p e a r to h a v e p e r 
formed any de ta i l ed a n a l y s i s . B l a i r and V e e d e r , h o w e v e r , r e s t r i c t t h e i r 
ana ly s i s to c i r c u m f e r e n t i a l r i d g m g of the f u e l - p e l l e t c o l u m n due to a x i a l 
end loading only and do not c o n s i d e r r e s u l t a n t c l add ing d e f o r m a t i o n s . L o a d s 
due to s p i r a l - f i n - t y p e f u e l - e l e m e n t s p a c e r s h a v e been t r e a t e d by B a u m a n n 
_ e t a l . " 

The bambooing effect of the c ladding h a s been a n a l y z e d a s fo l lows: 

(1) D e t e r m i n a t i o n of the magn i tude and d i s t r i b u t i o n of the n o r m a l 
and tangent ia l loads appl ied to an in i t i a l ly u n d e f o r m e d c l add ing in the v i c i n i t y 
of a p e l l e t - p e l l e t i n t e r f a c e , a fuel chip, or the s p i r a l - w i r e w r a p , when the 
fuel IS subjected to i n t e rna l hea t ing and p u s h e s a g a i n s t the c l a d d i n g . 

(2) D e t e r m i n a t i o n of the loca l s t r e s s d i s t r i b u t i o n in the c l add ing 
that r e s u l t s f rom the appl ied l o a d s . 

(3) D e t e r m i n a t i o n of the r e s u l t a n t e l a s t i c and p l a s t i c d e f o r m a t i o n 
of the c ladding, based upon the s t r e s s d i s t r i b u t i o n , e m p i r i c a l c o n s t i t u t i v e 
equat ions for the c ladding, and a given fuel t e m p e r a t u r e and swe l l i ng h i s t o r y . 

(4) Deve lopment of fa i lu re c r i t e r i a , given the load ing and d e f o r m a 
tion h i s t o r y of the c ladding. 

(5) Ver i f i ca t ion of ana ly t i ca l a p p r o a c h by m e a n s of o u t - o f - r e a c t o r 
e x p e r i m e n t s us ing a t h e r m o h y d r a u l i c t e s t i n g m a c h i n e wi th l o a d s p r o g r a m m e d 
to s imu la t e the cycl ic i n - r e a c t o r loading cond i t i ons . 

Using the pub l i shed s t r e s s - d i s t r i b u t i o n e x p r e s s i o n s ' ^ for (1) and (2), 
the p r e s e n t r e p o r t inc ludes the equa t ions n e c e s s a r y to p r e d i c t the e l a s t i c 
and p l a s t i c de fo rma t ion of the c ladd ing , as defined in (3). T h e p r e s e n t w o r k 
is p a r t of a r e l a t i v e l y s h o r t - t e r m effort w h e r e , as wil l be no ted , s e v e r a l 
expedien t a s s u m p t i o n s have been used in an a t t e m p t to e v a l u a t e the p o t e n t i a l 
s e r i o u s n e s s of the o v e r a l l p r o b l e m . In sp i t e of the c u r r e n t a s s u m p t i o n s , 
h o w e v e r , the solut ion t echn iques used wil l f o r m the b a s i s for a m o r e d e 
t a i l ed a n a l y s i s , if fur ther s tudy is d e e m e d n e c e s s a r y a f t e r the n e a r - t e r m 
r e s u l t s have been revie^ved. 

In Sec . II, the e l a s t i c i t y so lu t ion is deve loped for a long, t h i c k - w a l l , 
c y l i n d r i c a l shel l subjec ted to a r e l a t i v e l y a r b i t r a r y m e c h a n i c a l l oad ing . 



The f o r m u l a t i o n r e q u i r e s only that the shel l load ing be e x p r e s s i b l e in 
F o u r i e r S e r i e s . In Sec . I l l , F o u r i e r S e r i e s a r e deve loped for b a m b o o i n g 
and s p i r a l - l i n e and point l o a d s . A l s o , the t h e r m o e l a s t i c s t r e s s e s for a 
hol low c y l i n d e r sub jec ted to r a d i a l hea t flow a r e c o n s i d e r e d for s u p e r p o s i 
t ion. In Sec . IV, the n u m e r i c a l m e t h o d of " s u c c e s s i v e e l a s t i c s o l u t i o n s " 
is ou t l ined . T h i s a p p r o a c h , or i s o c h r o n o u s s t r e s s - s t r a i n c u r v e s , can be 
u s e d to p r e d i c t an a p p r o x i m a t i o n of the p l a s t i c s t r a i n that r e s u l t s f rom 
e i t h e r of the two c a s e s of c ladding loading c o n s i d e r e d in Sec . III. 

II. E L A S T I C I T Y SOLUTION FOR A CYLINDRICAL S H E L L UNDER 
ARBITRARY MECHANICAL-LOADING CONDITIONS 

A. E q u i l i b r i u m E q u a t i o n s for C y l i n d r i c a l Shel l s with Shea r Ef fec t s 

1. G o v e r n i n g E q u a t i o n s 

°.» • 

To e s t a b l i s h the gove rn ing e q u i l i b r i u m equa t ions for so lv ing 
the e l a s t i c i t y p r o b l e m of a r i g h t - c i r c u l a r c y l i n d r i c a l shel l with p e r i o d i c 

loads on the m i d d l e s u r f a c e , c o n s i d e r a she l l 
e l e m e n t a s shown in F i g . 1, w h e r e the dot and 
the p r i m e deno te 3( )/9cp and ad( ) /9x, r e s p e c 
t ive ly . ' ^ . As in the m e m b r a n e t h e o r y , the con-

, d i t ion for e q u i l i b r i u m of f o r c e s in the x d i r e c t i o n 
b e c o i n e s 

N^«N^d* 

lb) MOMENT EOUILIBRIUM 

Fig. 1, Shell Element, Neg. 
No. MSD-55197, 

SN^ 3 N 9x 
3x , 3cp 

in t h e cp d i r e c t i o n , 

dN ^ , xcp 

+ p a 

- Qo) + P^o^ tp tp 

(1 ) 

(2) 

a n d t h e e q u i l i b r i u m e q u a t i o n f o r t h e r a d i a l c o m 

p o n e n t s of f o r c e i s 

ao, ̂> SQ. 

3cp S J 
+ N„ 0. \ - P r ^ 

The equa t i ons for e q u i l i b r i u m of m o m e n t s a r e 

(3) 

SM, 

9cp 
•tP 

SM, 
xtf - aO 9 (4) 



a n d 

3M,. 3M„ 

+ 3cp 
2i ,n ^ n (5) 

T h e l a s t c o n d i t i o n of e q u i l i b r i u m c o n t a i n s t h e m o m e n t s a b o u t a r a d i u s of t h e 

c y l i n d e r . T w o c o u p l e s f o r m e d b y N^cp a n d N^px a r e t h e r e s u l t of t h e t w i s t m g 

m o m e n t M , so t h a t 

aN - aN - M = 0 . (^) 
a'^xcp aiNfpx '"'•cpx 

B y m e a n s of E q s . 4 a n d 5 , t h e t r a n s v e r s e s h e a r s Q ^ a n d Q^p a r e e l i m i n a t e d 

f r o m E q s . 2 a n d 3 , a n d w e o b t a i n t h e f o l l o w i n g in t e r m s of f o r c e s a n d 

m o m e n t s : 

3 N „ SN 3 M a M ^ , 
+ a - ^ ^ - ^ - ^ - a ^ — ^ + p „ a = 0 , (7) 

3tp 3x • 3tp " 3x '̂ tp 

a n d 

-^ + ^ w ' " ^ ' ̂ ; r ^̂  " ""̂̂  ' 
Equa t ions 1 and 6-8 a r e the govern ing e q u a t i o n s . S ince t h i s s e t of four 
equat ions s t i l l conta ins eight unknown s t r e s s r e s u l t a n t s , it is n e c e s s a r y to 
cons ide r the de fo rma t ion of the she l l . Ac tua l ly , Eq. 6 i s an i d e n t i t y if N^m, 
Nyjjj, and M„j, a r e e x p r e s s e d in t e r m s of the d i s p l a c e m e n t s wi thout s h e a r 
de fo rma t ion . 

2. S t r e s s R e s u l t a n t s 

F o r a c i r c u l a r cy l inde r , the s t r e s s r e s u l t a n t s a r e c o n v e n t i o n a l l y 
defined by the in t eg ra t ion of s t r e s s e s t h r o u g h the t h i c k n e s s a s the fol lowing: 

/^t/2 

Nx = / = ' X ( I + Y ) ^ ^ ' (9) 
->'-tA 

/• t/2 

% = j _ ^ , ''cp d-. (10) 
-t/i 

. t/2 

-t/2 
% = / , ^xcpO+|)d^. (11) 



r t / 2 

Ncpx = / ĉpx dz. (12) 
J - t /2 

/-t/2 

1, = -j °x(l+X ^^ '̂l 
• t / 2 

M« = - / 05j( 1 + ^ z dz,) (13) 
-t/2 

/"t/2 
^cp = - / Ojpz dz , (14) 

•J - t/2 

/ ' t /2 

Mxcp = - / • ^ x c p ( l + | - ) z dz , (15) 
-̂  -t/2 

and 

/"t/2 

Mjpx = - / T z dz , (16) 
->'-t/2 

By m e a n s of H o o k e ' s l aw, t h e s e s t r e s s e s can be d e t e r m i n e d in t e r m s of the 
s t r a i n s and d i s p l a c e m e n t s a s s o c i a t e d wi th t h e i r d e r i v a t i v e s . 

3. S t r a i n s and St r e s s e s 

If u, v, and w a r e the d i s p l a c e m e n t c o m p o n e n t s a long the shel l 
c o o r d i n a t e s , then the s t r a i n s a r e defined'*, a s 

i . . : i 2 ._ . 

( 1 7 ) 

( 1 8 ) 

a n d 

/ 1 \ ^ / a -̂  z \ ^ ^^(^ z ^ . . 

\ . a - l - z / 3 c p \ a / 3 c p 3 c p \ a a + z / 

X • 

9 ~-

- hx ' ' 

1 3v 
a Sep 

O X 

z / 1 \ 3 w w 
aVa -(- z / 3 2 a -1- z 

^xcp 

A c c o r d i n g to H o o k e ' s l aw and n e g l e c t i n g a^ . the s t r e s s - s t r a i n r e l a t i o n s a r e 

^ ' ' (20) 

(21) 

X 

t̂ cp = 

1 - v^ ^ 

^ 
icjp 1 v c ^ ; 

1 - V 



a n d 

Vv.„- ( " ) xcp 2(1 - fv) '̂ tP 

4 . S t r e s s R e s u l t a n t s - - D i s p l a c e m e n t R e l a t i o n s a n d S h e a r 

D e f o r m a t i o n s 

S u b s t i t u t i n g E q s . 2 0 - 2 2 a n d 1 7 - 1 9 i n t o E q s . 9 - 1 6 , w e o b t a i n t h e 

s t r e s s r e s u l t a n t s in t e r m s of d i s p l a c e m e n t s a n d t h e i r d e r i v a t i v e s . T w o c o n 

s t a n t s a r e d e f i n e d t o s i m p l i f y t h e f o l l o w i n g e x p r e s s i o n s ; t h e e x t o n s i o n a l 

r i g i d i t y 

D = - ^ ^ , ( 2 3 ) 
1 - v^ 

a n d t h e b e n d i n g s t i f f n e s s 

E t^ 
K = — ^ ( 2 4 ) 

12(1 - v ^ ) 

N o t e t h a t D a n d K d e p e n d on b o t h t h e g e o m e t r y a n d t h e m a t e r i a l p r o p e r t i e s . 

M a k i n g u s e of E q s . 2 3 a n d 2 4 , a n d n e g l e c t i n g h i g h e r - o r d e r t e r m s 
of t / a , E q s . 9 - 1 6 b e c o m e 

r^/^^u V 3v V \ K 3^w 
"•x = D l i ^ t " ^ — + — w l - — 

\ 0 x a 3cp a / a >^z 
(25) 

,, _ n / ' l 3 ^ J. ™ , a u \ K / 3^w\ 

)/J_ 3u _̂  3 v \ K ( l - v ) / l 3u 3 ' w \ 

Va 3cp 3 x / 2a^ ^ a 3cp '^ 3x3cp/ ' 

_ D ( l - v ) / l 3u 3v^ 

% x T - l l 3^^ + 3^^ ;+ ^ T ^ ' l l ~^ + ^ ^ j ' ( 2 7 ) 

N = ° < 1 - ^ ) ( 1 ^ ^ ^ \ ^ K ( l - v ) / 3 v 3^w \ 
^ a 3cp 3 x / 2_^2 V3x " 3 x 3 c p / ' 9 ^ " 2 Va 3cp " " 3 ^ ; ^ . , \JZ - A^^J- ( 2 8 ) 

M ( p = K — + — - ^ v — - I , / . „ > 
^ Va ' a ' 3cp2 a x ' A ( ^ 9 ) 

"̂  \ 3 x ^ a ' 3cp2 ^ ^''^ " a ' 3«P//' ' ^ ° ) 

M = K ( l - v ) / S ' w ^ J _ ^ j _ 3 v \ 

f"' a VSxScp 2 a 3cp " 2 3 x / ' ( 3 1 ) 



and 

M 
K(l 

xcp 
( 3 w 3 v \ 

3x3cp 3 x / ' (32) 

T h e s e e x p r e s s i o n s a r e d e r i v e d wi thout c o n s i d e r i n g s h e a r d e f o r m a t i o n . T h u s , 
the de f l ec t i ons w in E q s . 29 -32 r e f e r only to bending. Denot ing th i s by a 
s u b s c r i p t b, we have , for E q s . 29 and 30, 

M „ 
K / a 

, w, + — 
,2 I b ^j 3cp^ 

b 2 ^'^b 
+ a V -— (33) 

a n d 

M^ 
a w, 

2 b 
3cp2 

3v 
(34) 

C o n s i d e r i n g z and Q^ p o s i t i v e in the s a m e d i r e c t i o n ( see F i g , 2 ) 
b e c a u s e of s h e a r d e f o r m a t i o n , we have '^ 

• ' 

^Ox+o'x'-f 

a ^ s Qx 
- ^ = - l , 2 ^ i 
3x tG 

and, t h e r e f o r e , 

a^w, ;,2,,, 

Shear Forces on a 
Plate Element. Neg. 
No. MSD-55198. 

a^w^ ^z w 

5x2 5^2 dx^ 

S i m i l a r l y , w e h a v e 

^ ' * s a^w , , a 

a'w , , â  3Qx 
-F 1 ,2 -—^ ^ — 

3x2 tG dx 

3cp2 3cp^ 3cp2 acp2 t C 3cp 

(35) 

(36) 

(37) 

The t e r m w. i n d i c a t e s the bending m o m e n t due to the i n c r e a s e of r a d i u s a 
to a -I- W)-,, Subs t i tu t ing E q s . 36 and 37 into E q s . 33 and 34, Mm and Mx 
b e c o m e 

K r 3'w 1.2a ^Qcp z / a V 1,2a ^^xV 
M,„ = —r w -H + ——- -—2 -I- v a l -t- — - - -^— 

* a ' L 3cp2 t o 3cp Vax2 tG dx/_ 

(38) 

and 

K 
M ^ = — 

,2 ao . 
t o 3x \>„z 

1.2a ^Qcp\ 3u 3_vl 
tG 3cp / 3x Sep J ' 

3^w ^ 1.2a ^Qcp\ _ 3u 

3cp2 
(39) 
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I J'"" I t ::^ 

du 
ad^ 

<jl,V 

d* 

^^ 
~~ 

\ \ 
\ 
\ 
\ 

r ~' 

>x 

i' 

If t h e s h e a r d e f l e c t i o n Wg w a s d u e t o b e n d i n g , 

it w o u l d c a u s e o u t e r f i b e r d i s p l a c e m e n t s ( s e e F i g - 3) 

J ^ ^ u = ( - t / 2 ) ( 3 w / 3 x ) a n d v = ( - t / 2 a ) ( 3 w / 3 c p ) , a n d s h e a r 

" ~ s t r a i n Yxcp = ( l / a ) ( 3 u / 3 x ) 4- ( 3 v / 3 x ) . E x p r e s s i n g d e -

'" r i v a t i v e s of w in t e r m s of t h e s h e a r f o r c e s , a s in 

"" E q . 3 5 , t h i s g i v e s u = (1 . 2 / 2 ) ( Q ^ / G ) a n d v ^ 

( 1 . 2 / 2 ) ( Q / G ) . T h e n w e h a v e 

'xcp 

1.2 /aox ^ ^ aOtpN 
2aGV 3cp 3x / 

(40) 

Fig. 3 

Shear Strain Resulting 
from Shear Loads, 
Nee, No. MSD-55199, 

T h e p o r t i o n of M d u e t o s h e a r w i l l b e 

M.. 
t ' 

"cpxs 6 

C o m b i n i n g E q , 41 w i t h E q . 31 w i l l y i e l d 

' 1.2 /aOx aQ^\ 

^ ^ K ( l - v j f 3 ' w _ ^ 2 ^ i : i X L 2 a / ^ ^ 
tpx ~2. 3x3cp 2 3cp " 2 3x 2 t G \ 3cp ^ 3 

(42) 

S i m i l a r l y , c o m b i n i n g E q . 41 w i t h E q . iZ w i l l y i e l d 

M 
K ( l - • 

xcp 
3 w 3 v 1 .2a 

ax3cp 3x 2 t G V Sep 3 

1 / ^ 

A acp 
ao. 

(43) 

The quant i ty due to s h e a r effect, i n s ide the p a r e n t h e s e s of 
E q s . 42 and 43, can be e x p r e s s e d as (see F i g s . 1 and 4) 

3Qx aq 
^ ^ T + ^ -- ^-Pr-^- ( 4 4 ) 

Fig, 4 

Shear Force on a Shell Element, 
Neg. No. MSD-5S200. 



B. Differential Equations for Displacements 

Substituting Eqs . 25-28 and 38, 39, 42, and 43 into Eqs . 1, 7, and 8, 
and using Eq. 44, we obtain the following fundamental differential equations 
for the d i sp lacements : 

a u 1 - V , . 3^u , 1 + V 3^v V 3w 
+ (1 +k) + —^ ^ ^ -I- - ^ 

3x^ 2a2 Scp2 2 a 3xdep a 3x 

. k ( - a ^ . l _ ^ ^ ^ ^ ^ _ P x ^ 

V 3 x ' 2a 3x3cpV ^ 

1 - t v a u l 3 v 1 - v , , ,,, , 3^v 1 3w 
— ; — ^ - ^ - + —r — + —^— 1 + 3k) + — T ^ 

2a 3x3cp 2̂ atp2 2 ' gx^ â  acp 

( 3 - v ) k 3 V _ Pep 

2 Sx̂ 3cp ' " ° ' 
(46) 

a n d 

- 1 
1.2Dk\ 3u ^ k(l - v) 3^u 1 , ^ + 1 (i 1.2Dk\ 3v 

tG ) 3x 2a 3^3ro2 ' "̂  S^3 ,2 V tG / 3cp 2a 3x3cp 3x^ 

( z S w ^ 3 w 1 3 v/\ 2k / , 
a + 2 -I- — + — 1 

3x4 3X23CD2 a2 3CD4 / â  V 

k(3 - v ) 3 v / 2 a w ^ - , 3 w 1 3 v/^ ^ 2k 

2 3x^3cp \ 3x4 3x23cp2 â  3cp* 

1 / , , 1.2Dk^\ Pr t / S ' P r 1 S^Pr\ ,^^, 
+ _ l 1 + k — I W = - - — ; + — , (47) 

=.2\ tG / D IOGV S^2 a2 S„2 / ' ^ ' a 

where k = K/Da^ = t y i 2 £ 

Equations 45 and 46 a r e derived without considerat ion of shear de

flections because the effect of shear deflections in these two di rec t ions is 

re la t ively small . '^ Equation 47 in the radial direct ion is co r rec ted by adding 

the shear-def lect ion t e r m s . The th ree s imultaneous par t i a l differential 

equations (Eqs. 45-47) may be reduced to a single differential equation in 

w only. To obtain the complementary solution and the cha rac t e r i s t i c equa

tion of the shell , let us a s sume 

w = C exp(Xx/a) cos mcp. (48) 

Equation 48 is applicable to most of the loading cases of in t e res t . The 

c h a r a c t e r i s t i c equation can then be obtained as an e igh th-order polynomial 



of X with complex roots. The t e rms u and v will be assumed in the sam 

form as Eq. 48 with constant coefficients to be de te rmmed by both s ^ ^ ^ ' ^ -

tion and comparison in differential Eqs . 45 and 46.'^ The constant C's can 

be determined from the boundary conditions on the shell . 

C. Par t icular Solutions for Infinite Shells 

For an infmite circular shell, the par t icular solution with given 

loading te rms is to be determined. Let us assume the loading t e r m s p^, 

V , and o in trigonometric ser ies form as 
'̂ cp *^x " 

Xx 
c o s mcp c o s — 

Xx 
p sin mcp sin — 
^cpmn a 

"rmn 
, Xx 

cos mcp sin — 

• X = n • (49) 

where o D and p are independent constant coefficients. In t ro-
wiieie Pxmn' Pcpmn' f rmn ^ _^ , ^ ^. , , 

ducing Eq. 49 into the differential Eqs. 45-47, we see that a pa r t i cu la r solu

tion exists in the form 

a n d 

Xx 
u = Uj^jj cos mcp cos 

V = Vj^j^ sin mcp sin ^ 

a 

Xx 

= W^ ĵ̂  cos mcp sin 
Xx 

(50) 

where U , V , and W^̂ ^̂  are unknown coefficients. Introducing Eqs . 49 

and 50 into Eqs. 45-47 and canceling the t r igonometr ic t e r m s , we a r r i v e at 

the following set of linear equations for Uj^^^, V^^ , and W : 

Al l Ai2 A 

A21 A22 A; 

^31 ^32 

- 1 

13 

23 

33 

r~ - 1 

U m n 

V mn 

W " mn 

2 

a 
D n P, cpmn 

A 3 4 P r m n 

(61) 

where 

A l l X̂  + m ^ ^ ( 1 + k ) , 



a n d 
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A 1 + -J , 
Ai2 = ^— X m , 

Ai3 = -vX - k ( x ' - ^ - ^ X m ' l 

A 1 + ^ . 
A21 = - —-— Xrn, 

A22 = m ^ -I- - ^ X^(l -I-3k), 

J - V 2 A23 = m + — - — kX m 

. „ . . , . , . - i i S ) , . ( , . . L p w ) , 

, , 1 . 2 D k \ 3 - V 2 
A32 = m ( l - ~^^— ) -t- — - — kX m . (• • T P ) 

/ 1 . 2 D k ^ \ ^ 2 / 0 . 6 D \ , , 4 , 2 2 4 , 
( 1 -I- k - — - 1 - 2 k m M l - — ^ 1 + k(X^-l-2m^X -l-m*). A , 3 = 1 -̂  k -

t G / 2 

1.2Dk^^ 

1 -I-
D t 

l O a ^ G 
( x ' + m ' ) . 

L e t B— b e t h e i n v e r s e m a t r i x of A^ ; . T h e n 

W. 

B u B12 B13 

B21 B22 B23 

B31 B32 B33 

i ^xmn 

Pcpmn 

- ^ 3 4 P r m n 

(52) 

F o r e a c h va lue of m and n, the Urn„, V , and W j ^ ^ can be e x p r e s s e d in 

t e r m s of the g iven load ing coe f f i c i en t s P x m n ' Pcpmn' ^^'^ P r m n ' 
u l a r so lu t ion then wi l l be the s u m m a t i o n o v e r al l n ' s and m ' s . 

D. C i r c u l a r C y l i n d r i c a l She l l s wi th A x i s y m m e t r i c L o a d i n g s 

The p a r t i c -

If the g e o m e t r y and load ing of the c i r c u l a r c y l i n d r i c a l she l l a r e 
a x i a l l y s y m m e t r i c , the e q u a t i o n s can be r e d u c e d to a s i m p l e f o r m . All the 
t e r m s con ta in ing p a r t i a l d e r i v a t i v e s wi th r e s p e c t to cp and the t e r m s in 
vo lv ing V wi l l be e l i m i n a t e d . E q u a t i o n s 45 and 47 then b e c o m e 



d^u V dw d V _ ^JC 

dx2 a dx dx^ 1̂  

(53) 

a n d 

v( 1.2Dk\ 
a\ tG I 

1.2Dk\ du , d 'u 2 d w 
1 - -^— -r- - ak + ka — -

tG / dx dx^ dx* 

/ 1.2Dk^\ ll t dp , 
D ' lOG ^^2 

(54) 

The loading t e r m s will be 

Z nnx ^ , nnx 

Pxn °̂̂  — °" z.p^"''" ~ r 
and 

P r m ^ ' - - T " " ^ P 

By in t eg ra t ion , Eq . 53 b e c o m e s 

mnx cos —-— , r m I (55) 

du V d^w Px 
= w -t- ka - -t- C, 

dx a dx^ D 

(56) 

w h e r e p = / Px d'^' and C is an a r b i t r a r y cons t an t . Subs t i t u t i ng E q . 56 into 
Eq . 54, we obtain an o r d i n a r y d i f fe ren t ia l equa t ion in t e r m s of w only 

,, , d V , / , 1.2Dk\ 
k a M - k ) _ + k v ( 2 - ^ ^ ) 

1.2Dk\ d 'w J_ 

tG / dx2 

V (^ 1.2DkU ^ 
a \ tG A D 

1 -1- k -

P r 

2 , 1.2Dk 2 , r V + ^̂  (v - k ) J 

t d p ^ C 1 ^ f!££ +Z£ ^ i 
" D dx D " lOG dx^ ' 

(67) 

or in the g e n e r a l fo rm. 

d V 
-I- M — + Nw 

dx* dx^ I „ mTTX 
Bm ^^^ — j ^ + Z „ nnx 

En c o s — , (56 
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w h e r e 

M 
V r 1 . 2 D k \ 

I - v A " tG ) ' a2( l - k ) 

k a * ( l - k ; 

2 1 . 2 D k , 2 

a n d 

m n x niTx B _ , s i n —:— -I- E „ c o s ——-m i n i 

k a ' ( l - k L 

1 (i l-2Dk\ [ _52£ 
a V tG A D 

I k ^ P x P r 

^ ' " D d x "'' D " lOG dx^ 

T h e c o r r e s p o n d i n g d i s p l a c e m e n t w i l l b e 

Z mTTx V ^ ,,„, n n x 

w h e r e 

a n d 

B^n = ^n.1 

E ' = E „ n n 

(Tf - -(T=J ^ 

f) - -(T) -I- N 

B y m e a n s of E q . 5 6 , t h e t e r m d u / d x c a n b e e v a l u a t e d a s 

-Z[7-(f) 

, r rnrx 
B m « ' " - r 

n n x X 

T h e n t h e s t r a i n s c a n b e e v a l u a t e d a s 

d u d w 

' ^ " d x dx^ 

(59) 

(60) 

(61; 

(62) 



1 
e = w , 

q= a + z ' 

a n d 

y - 0 , ( " ) 

'xcp 

a n d t h e s t r e s s e s w i l l b e 

E 

1 

a n d 

-,^^x + ^\^ 

^ (c„ + v e j . (64) 
^ " 1 - ^^' f ^ 

I I I . A P P L I C A T I O N S O F T H E E L A S T I C I T Y S O L U T I O N 

A . P e r i o d i c R a d i a l L o a d i n g f o r B a m b o o i n g 

1. T r i g o n o m e t r i c F o r m 

C o n s i d e r a p e r i o d i c r a d i a l l o a d i n g o n t h e m i d d l e s u r f a c e of t h e 
c y l i n d r i c a l s h e l l a s 

P r , , n x 2TIX 4 n x 6 n x , , ^ , 
— = Po + "ll s i n -T- + p2 c o s —-— + p4 c o s —— + PJ, c o s — — , ( 6 5 ) 

P "v -t -t -t 

w h e r e 

"0 

qi = 0 . 5 , 

Pj = - 0 , 2 1 2 2 0 7 . 

P4 = - 0 . 0 4 2 4 4 1 4 , 

Pj = - 0 . 0 1 8 1 8 9 2 . 

T h e s h a p e of t h e p e r i o d i c l o a d i n g i s s h o w n i n F i g . 5 . T h e c o r r e 
s p o n d i n g r a d i a l d i s p l a c e m e n t p r o f i l e i s s h o w n i n F i g . 6 . T h e r a t i o of t h e 
l o a d i n g p e a k to t h e d i s p l a c e m e n t p e a k i s l / [ D k a ^ { l - k ) ] . 



2 ZTX Z 4irx 2 sirx 

Fig. 5. Radial Surface Load Distribution 
(trigonometric representation). 
Neg. No. MSD-55201. 

b 

^ 
o'T 

i t 

0.40 

0.30 

0.20 

0.10 

J 

0 

-

4 

^-

Z 2 ^' 

1 

1 
Sir 
2 

3 » 

I 

Fig. 6. Radial Displacement Correspond
ing to Loading Shown in Fig. 5. 
Neg. No. MSD-55202. 

2 . V a l e n t i n - C a r e y N o r m a l Load D i s t r i b u t i o n 

The n o r m a l s u r f a c e t r a c t i o n e x e r t e d on a c y l i n d r i c a l c ladding 
due to hea t ing of a fuel p e l l e t can be e x p r e s s e d a s ' 

{•-•''-[-¥('-f)]h¥('-!)--r('-!)]} = p ^ 1 -1-1.8 exp 

for 0 < z !S •(,, a ( -z) = aj.(z) 

(66) 

— = 1 - 1 - 1.8(cos cp - sin cp) exp(-cp), 
P 

/ h e r e cp = 5-t-(l - z / - t ) / a . To conve r t to an even p e r i o d i c function, let 

51 e 

(67) 

then. 

Then, 

— = 1 -̂  1, 
P 

p 

f(9) = i 

P 

'h(i»)-"(S«)]-(^*»)-

1 + 1 ,8 (cos ke - s in kB) exp ( -ke ) , 0 s 6 i TT 

1 + l , 8 ( co8 k6 + sin kB) exp(k6), -n £ 6 s o 

0 s e <; n. (68) 

(69) 
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/ h e r e k = bl/T\^. Expanding in F o u r i e r S e r i e s , 

1(6) = j a o -̂  ^ (a„ cos nB-lbn sin nB), 

ao = - I f(e) de, 

f(e) cos nS de . 

a n d 

n n 
f(e) sin n£ (70) 

The f i r s t t e r m m a y be eva lua ted a s 

ao = _ I f ( e )d6 
J -n 

[ r - H . 8 ( c o s kB-l-sin kO) exp(ke)] de 

\ I [1 - H . 8 ( c o s k e - sin ke) e x p ( - k e ) ] de|-

\vhich b e c o m e s 

a„ = 2 1 -I- 1 •<-" T ) U -P(-^Va)]. (71 ; 

The subsequen t a t e r m s 

n n 
f(e) cos ne dO = - I [1-1-1 .8(cos ke-l- s in kB) exp(ke) ] cos nB d£ 

+ j [1 - H . 8 ( c o s k B - sin ke) e x p ( - k 6 ) ] cos nO dG 
- ' 0 

file:///vhich


b e c o m e 
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,k̂  + (k-n)^ k̂  + {k + nf 

e x p ( - k n ) 

+ e x p ( - k n ) 

(2k - n ) s i n (n - k ) TT -t n c o s (k - n ) TT 

k^ + ( k - n ) ^ 

( 2 k - t n ) s i n (k- l-n) n -I- n c o s {k + 

k̂  + {k + nf 

n)n1 (72) 

T h e h^ t e r m s v a n i s h , s i n c e f (6 ) i s a n e v e n f u n c t i o n . T h e F o u r i e r S e r i e s 

a p p r o x i n n a t i o n f o r t h e r a d i a l l o a d i n g i s s h o w n in F i g . 7 f o r n = ^ 0 a n d 

n = 5 0 . 

- - VALENTIN-CAREY 

—0 FOUfl)€R SERIES WITH 2 0 TERMS 

• • FOURIER SERIES WITH 50 TERMS 

Fig, 7 

Valentin-Carey Approximate 
Normal Surface Loading. 
Neg. No, MSD-55203. 

I I I I 1 I i I I I I 
0 20 4 0 6 0 80 100 IZO 140 160 TBO 

DEGREE OF ANGLE 

B . T a n g e n t i a l L o a d i n g f o r B a m b o o i n g 

1. L i n e a r F o r m 

T h e l i n e a r f o r m of t a n g e n t i a l l o a d i n g c a n b e e x p r e s s e d a s 

( s e e F i g . 8 ) 

p n x 3TTX 2TTX "^TTX 
- i - = r i c o s - 7 - -̂  r^ c o s —— + r , s m —r— + r^ s i n ——, 
B "0 "L "̂  "̂  

(73) 

w h e r e 

'̂ = ^(4^0' --̂  = ^(i -i)' 1 , 1 
-— , a n d r4 = — . 

TT 2 T T 
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Z w il 2"% 

Fig, 8 

Linear Form of Tangential Loading 
Neg, No, MSD-55204, 

2. T r i g o n o m e t r i c F o r m 

The t r i g o n o m e t r i c fo rm of t angen t i a l loading can be e x p r e s s e d 

a s (see F ig . 9) 

nx 

T 
3nx 

JE. = S, c o s • ^ ' -I- S2 COS ^ + S3 COS 
B •f. -t <-

w h e r e 

5TTX 2TTX , , 4TTX , , 
+ S4 s i n —— + S5 s i n —— , ( 7 4 j 

sz = — S3 
1 

-— , and S5 = r-r-
3TT ' 1 5Tr 

Fig, 9 

Trigonometric Form of Tangential 
Loading. Neg. No. MSD-55205. 

2 TT 

J -

3w 
2 277 •v' V/ ...^/ 

/ / 

3. V a l e n t i n - C a r e y Tangen t i a l Sur face Load ing 

Accord ing to C a r e y and V a l e n t i n / ^ an a p p r o x i m a t i o n of the 
tangent ia l su r face loading for bamboo ing is 

r z 
P 

-31.0 

This m a y be fur ther a p p r o x i m a t e d as 

I ^ z ^ l. (75) 



i{Q)< 

= 0 fo r -TT < e < y . 

3 ( ^ e ) ( ^ e ) for -^<e<^. 

L= 0 for — < e < n. 

R e p r e s e n t i n g th i s in F o u r i e r S e r i e s , 

f(e) = ( ^ ' . e^) 9 , g bn sin ne, 
' n = i 

s i n c e f(B) i s a n o d d f u n c t i o n w i t h a v e r a g e v a l u e z e r o , w h e r e 

•^n/2 
f ( e ) s i n nB d B . 

T h e n , 

' -TT/2 

,n/ '2 

/

2 

( ^ 9 - B^) s m n O d e 

-•n/z 

1 / 1 2 n^ \ , nTT 6 nTT 
= — —J- - — s i n —- - — c o s -T- ; 

t h e r e f o r e 

(76) 

(77) 

bi = i ( 1 2 - n ^ ) = 0 . 6 7 8 1 3 , b j = - I - - = 0 , 7 5 , b j = 0 . 3 0 1 9 1 , 

b4 = - 0 , 0 9 3 7 5 , b5 = - 0 , 1 1 9 5 5 , a n d bf, = 0 , 0 2 7 7 7 8 , 

L e t u s n o r m a l i z e b^^ by d i v i d i n g b y 1 . 5 2 9 3 9 6 , w h i c h i s t h e m a x i 

m u m of f(B). T h e n w e h a v e 

f(S) = 0 , 4 4 3 4 s i n B -t- 0 , 4 9 0 4 s i n Id + 0 . 1 9 7 4 s i n 3B - 0 , 0 6 1 3 s i n 4B 

- 0 . 0 7 8 2 s i n 5 e + 0 , 0 1 8 2 s i n 6 9 . ( 7 8 ) 
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The s h e a r d i s t r i bu t ion can then be c o n v e r t e d to 9 a s 

T (• 

r z 6.188P = f(e) = J / n sm nB. 
(79) 

The F o u r i e r S e r i e s approx ima t ion for the t angen t i a l loading is shown in 

F i g . 10 for n = 6. 

-VAL£NTIN-C4«£T 
• FOUSIEB SEftieS WITH 6 TERMS 

Fig, 10 

Valentin-Carey Approximate Shear Siir-
face Loading. Neg. No, MSD-55206. 

DEGREE o r ANGLE 

C. F o u r i e r Ana lys i s of Spi ra l and Po in t L o a d i n g s on a C y l i n d r i c a l S u r f a c e 

The configurat ion of i n t e r e s t is shown in F i g . 11 a long wi th the c o 
o rd ina te s y s t e m . 

The cy l indr ica l su r face is expanded into a r e c t a n g u l a r s h e e t a s 
shown in F ig . 12. The loading on the r e c t a n g u l a r s u r f a c e wi l l be a l i ne 
load along one of the d iagonals of the r e c t a n g u l a r s h e e t . 

)̂CfFA7) 
t 

2jro 

» 

1 - 1 - J 

(/ ? 

Fig. 11 

Coordinate System for Spiral-wire 
Wrap. Neg. No. MSD-55207. 

1. P o i n t L o a d i n g 

Fig, 12 

Cylinder Unrolled into a Flat 
Sheet, Neg, No. MSD-55208, 

If a p o i n t l o a d on a r e c t a n g u l a r p l a n e i s c o n s i d e r e d a s q = 
f ( x , y ) , t h e n t h e f u n c t i o n f ( x , y ) c a n b e e x p r e s s e d a s a d o u b l e t r i g o n o m e t r i c 
s e r i e s 

f/'ir -,71 - V V mTTX nTTV 
f{x,y) - ^ 2^ a ^ n sin — — sin — X . (80 ) 
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T o c a l c u l a t e a n y p a r t i c u l a r c o e f f i c i e n t aj-g of t h i s s e r i e s , w e m u l t i p l y b o t h 

s i d e s b y s i n ( s n y / b ) d y a n d i n t e g r a t e f r o m 0 t o b . O b s e r v i n g t h a t 

n n y s n y , 
s i n s i n d v 

b b ^ 

0 w h e n n / s 

b / 2 w h e n n = s 

y i e l d s 

CI \ STTy J b v ^ 
f ( x , y ) s i n - g - d y = -^ 2 , a ^ s s i ( 8 i ; 

M u l t i p l y i n g b o t h s i d e s of t h e e q u a t i o n b y s i n ( r n x / a ) d x a n d i n t e g r a t i n g f r o m 

0 t o a , w e o b t a i n 

• a / -b 
CI \ • ^'"^ s n y a b 
f ( x , y ) s i n s i n -—2. d x d y = -— aj-g 

a n d , t h e r e f o r e . 

r s a b 

r n x , STiy , , 
f{x ,y ) s i n s m —— d x d y . (82) 

A p p l y i n g t h i s r e s u l t f o r a s i n g l e l o a d p t h a t i s u n i f o r m l y d i s t r i b u t e d o v e r 

a s m a l l r e c t a n g u l a r a r e a ( s e e F i g , 13 ) , w e h a v e 

. ?+u/2 r'i\ + v/z 

" ^ n a b u v 
' E - U / 2 ^ T 1 - V / 2 

l i J I I ^ l i n y 

Sin s m —-— d x d y 
a b 

1 6 p mTT? nTrT] mTTu nTTv 
— s i n : s m s m -^ s i n -5-— , 

^ m n n v a b 2 a 2 b 
( 8 3 ) 

T a k i n g t h e l i m i t u -* 0 a n d v -» 0 , w e h a v e 

4 p m n S nnTl 
^ m n = —T: s m s i n - — - . 

" " " a b a b 

(84) 

Fig, 13 

Coordinate System for Locally Distrib
uted Load, Neg, No. MSD-5S209. 
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F o r a g i v e n v a l u e of {^,T]), t h e l o a d i n g f u n c t i o n w i l l b e 

CD 00 
, , . ^ , V" V 4p , m n j nnl] m r r x n n y 

q = f(x,y,?,T^ = ) ) —L. s i n s i n s i n s i n -
^ ' ^ - ^ a b a b a b 

m - I n =1 

( 8 5 ) 

If w e a s s u m e a = •t a n d b = 2na(, , w e c a n c o n v e r t t h e r e s u l t t o a c i r c u l a r 

c y l i n d r i c a l s u r f a c e w i t h p e r i o d i c p o i n t l o a d s , a s s h o w n in F i g . 1 4 . If -f, i s 

a s s u m e d to b e s u f f i c i e n t l y l o n g e r t h a n t h e d i a m e t e r of t h e c y l i n d e r , w e m a y 

c o n s i d e r t h i s e x a m p l e a s a c i r c u l a r c y l i n d r i c a l s u r f a c e w i t h a c o n c e n t r a t e d 

r a d i a l p o i n t l o a d . 

M « . 

. > .1 

1 0 f ^ 
\ J 

Fig. 14 

Coordinate System for Point 
Loading, Neg, No, MSD-55210. 

2 . L i n e L o a d i n g 

If t h e w c o o r d i n a t e i s s e t a l o n g t h e d i a g o n a l of t h e l i n e l o a d 
( s e e F i g . 15) and if a n a r b i t r a r y p o i n t i s l o c a t e d on t h e l i n e a t (?,11), t h e n 
w e h a v e 

(a ) t a n 6 = -^ o r 6 = t a n " ' - ^ , 

and 

(b) § = w c o s 9, 

I) = w s i n 6, 

(c) t h e l o a d i n g f u n c t i o n 

r^a' + h' 
I (x ,y ,§ ,T l ) d w . 

( 8 6 ) 

q = y y i E s i n i ^ s i n i l ^ y 
2-^ ^ ^ a b a ^ 

/ / '—r s i n s i n 1 
i—i i—, ab a u 

Va^-^b^ 

v̂ T̂T̂  

mrr5 , nTiTl 
s i n s i n • d w 

a b 

f o r m = n 
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mTTX m n y 
s i n s i n , (87) 

Coordinate System for Diagonal-lin 
Loading, Neg, No, MSD-55211, 

3 . R e m a r k s 

T h e e x p r e s s i o n q m a y n o t c o n v e r g e o u t s i d e t h e r e g i o n of i n 

t e r e s t , b u t , f o r e n g i n e e r i n g p u r p o s e s , i t s h o u l d b e a g o o d a p p r o x i m a t i o n f o r 

t h e l i n e l o a d i n g . W h e n a n u m e r i c a l p r o c e d u r e i s u s e d t o e v a l u a t e t h e s t r e s s e s 

a n d s t r a i n s , t h e a p p r o x i m a t i o n s h o u l d a l w a y s b e c o n v e r g e n t . 

D . T h e r m a l - s t r e s s D i s t r i b u t i o n 

F o r a c y l i n d e r s u b j e c t e d t o r a d i a l h e a t f l ow , t h e t h e r m o e l a s t i c s t r e s s 

d i s t r i b u t i o n i s g i v e n by 

cyEAT 

16 

2(1 - v ) In ( b / a ) 
--tn 

b ' - a ' 
. -^Un^ 

o E A T 

2(1 - v ) In ( b / a ) 

b 
i n 1 + -tn — 

r.1 ; a 

and 

o E A T 

2(1 - v ) -tn ( b / a ) 
2 tn -^ 

2 a ' 

b^ - -I)- (88) 

w h e r e AT i s t h e t e i n p e r a t u r e of t h e i n n e r s u r f a c e m i n u s t h e t e m p e r a t u r e a t 

the o u t e r s u r f a c e , and o" i s t h e c o e f f i c i e n t of t h e r m a l e x p a n s i o n . F o r s m a l l 

d e f o r m a t i o n s , t h i s s o l u t i o n m a y b e s u p e r i m p o s e d o n t h e s t r e s s e s t h a t r e 

s u l t f r o m t h e m e c h a n i c a l l o a d i n g . H o w e v e r , l o c a l t h e r m a l v a r i a t i o n s , i . e . , 

d u e t o t h e s p i r a l - w i r e w r a p , r e m a i n n e g l e c t e d . 



IV . C R E E P DEFORMATION ANALYSIS 

Since the actual cladding d e f o r m a t i o n s o c c u r at e l e v a t e d t e m p e r a 
t u r e s , the p r e c e d i n g e las t i c so lu t ions can give only a - " g ^ ^ - ^ ; ' ^ ^ ^ ; " ° ^ 
the t r u e behavior of the c laddmg. In fact, by t h e m s e l v e s , the e a s i o u -
t ions s e r v e only a s a l i m i t i n g - c a s e check for m o r e g e n e r a l m e l a s ic s o l u 
t ions . The e l a s t i c solut ions m a y be s u p p l e m e n t e d , h o w e v e r to e s t i m a t e 
the ine l a s t i c d e f o r m a t i o n s . This can be done e i t he r t h r o u g h the u s e of 
i s o c h r o n o u s s t r e s s - s t r a i n c u r v e s , or by us ing the "method of s u c c e s s i v e 
e l a s t i c so lu t ions . " 

The u s e of i soch ronous s t r e s s - s t r a i n c u r v e s , which give the to ta l 
s t r a in at va r ious t i m e s for cons tan t s t r e s s l o a d m g s , h a s the g r e a t a d v a n t a g e 
of s impl ic i ty , although the method l acks a c c u r a c y , and u s u a l l y the c r e e p da t a 
r e q u i r e d for cons t ruc t ion of the c u r v e s a r e not a v a i l a b l e . F o r AISI Type 304 
or 316 s t a in l e s s s tee l , however , i s o c h r o n o u s s t r e s s - s t r a i n c u r v e s a r e a v a i l 
a b l e , " and these m a t e r i a l s a r e c o m m o n l y used for f a s t - r e a c t o r f u e l - e l e m e n t 
c ladding. It may a lso be a rgued that th is type of s impl i f i ed i n e l a s t i c a n a l y s i s 
would be just i f ied s ince o the r a s s u m p t i o n s a l r e a d y have been m a d e ( s ee 
Sec. V), and s ince the goal of the p r e s e n t a n a l y s i s is only to a s s e s s the r e l a 
t ive i m p o r t a n c e of the p r o b l e m . 

Cladding bambooing is in tens i f ied , h o w e v e r , by t h e r m a l cyc l ing , and 
a method to p red ic t c r e e p d e f o r m a t i o n s r e s u l t i n g f rom a p r e s c r i b e d t h e r m a l 
and mechan ica l loading h i s to ry is n e c e s s a r y for a m o r e a c c u r a t e a s s e s s 
ment of the total de fo rmat ion . The method of s u c c e s s i v e e l a s t i c s o l u t i o n s 
is a p p r o p r i a t e to th is objec t ive , a l though difficult to i m p l e m e n t , even for the 
s imple geomet ry cons ide red h e r e . To u s e this i n c r e m e n t a l n u m e r i c a l 
method, ine las t i c deformat ion t e r m s r e p r e s e n t i n g the to ta l a c c u m u l a t e d 
p las t i c deformat ion and the i n c r e m e n t of d e f o r m a t i o n a p p r o p r i a t e to the 
t ime s tep m u s t be included in the cons t i tu t ive r e l a t i o n s . An e m p i r i c a l c l ad 
ding c r e e p law is used in conjunction with a flow r u l e to obta in the i n e l a s t i c 
deformat ion i nc r emen t . The cons t i tu t ive r e l a t i o n s a r e then c o m b i n e d wi th 
the usual field equat ions and solved i t e r a t i v e l y , s i nce the s t r e s s d e p e n d s on 
the s t ra in i nc remen t and the s t r a i n i n c r e m e n t d e p e n d s on the s t r e s s . E x 
amples of the use of this method have been p r e s e n t e d e l s e w h e r e . ' ' " 

An e l a s t i c - p l a s t i c , f i n i t e - e l e m e n t o r f i n i t e - d i f f e r e n c e p r o c e d u r e 
would u s e the e las t i c so lu t ions deve loped h e r e only as a check for the l i m i t 
ing case of e las t i c behav io r . T h e s e n u m e r i c a l t e c h n i q u e s , h o w e v e r , a s wel l 
as the method of s u c c e s s i v e e l a s t i c so lu t ions , r e q u i r e c o n s i d e r a b l e a m o u n t s 
of compute r t ime , and the t r e a t m e n t of cyc l i c loading u n d e r c r e e p cond i t i ons 
by f in i t e -e lement t echn iques has not been a c c o m p l i s h e d to d a t e . 

In s u m m a r y , to ach ieve the final goal of the a n a l y s i s , n a m e l y , an 
a s s e s s m e n t of the p o s s i b l e i m p o r t a n c e of the v a r i o u s loca l c l add ing l o a d s 
cons ide red , the e l a s t i c so lu t ion deve loped in the p r e s e n t r e p o r t m u s t be 
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so lved n u m e r i c a l l y and combined with a p r o c e d u r e for e s t i m a t i n g the in
e l a s t i c d e f o r m a t i o n s . The p r o c e d u r e m o s t r e a d i l y u s e d for th i s p u r p o s e 
a p p e a r s to be i s o c h r o n o u s s t r e s s - s t r a i n c u r v e s . If the r e s u l t s i n d i c a t e 
p o t e n t i a l l y s e r i o u s p r o b l e m s , the effort involved in a m o r e d e t a i l e d a n a l 
y s i s , coupled with an e x p e r i m e n t a l p r o g r a m , m a y be ju s t i f i ed . 

V, DISCUSSION OF MAJOR ASSUMPTIONS 

The i n t e r n a l loading on the c ladding due to the fuel wil l c e r t a i n l y 
change , not only b e c a u s e of c h a n g e s in o p e r a t i n g condi t ions but b e c a u s e of 
the c h a n g e s in the fuel g e o m e t r y that r e s u l t f rom fuel c r a c k i n g , swe l l i ng , 
and c r e e p . T h e s e load c h a n g e s due to fuel d e f o r m a t i o n s have been n e 
g l ec t ed . The loading will a l so be affected by the c ladding d e f o r m a t i o n s , 
and, if the loca l c ladding d e f o r m a t i o n s b e c o m e s igni f icant in c o m p a r i s o n 
with the g lobal s t r a i n s , the a s s u m p t i o n of a r i g h t - c i r c u l a r , c y l i n d r i c a l g e 
o m e t r y , upon which the so lu t ion in Sec , II is b a s e d , b e c o m e s q u e s t i o n a b l e . 
C ladd ing swe l l ing d u r i n g i r r a d i a t i o n and loca l t h e r m a l v a r i a t i o n s have a l s o 
been n e g l e c t e d . In the s u p p l e m e n t a r y i n e l a s t i c a n a l y s i s p r o p o s e d in Sec . IV, 
s p a r s e un iax ia l c r e e p da ta m u s t often be u s e d to p r e d i c t s t r a i n s u n d e r m u l t i -
ax ia l load ing cond i t ions , and a h a r d e n i n g law m u s t be a s s u m e d . A c r e e p - l a w 
f o r m u l a t i o n involving p r i m a r y c r e e p a n d / o r f luence effects m u s t be a s s u m e d , 
even though such a f o r m u l a t i o n i s , at p r e s e n t , only p o o r l y known. The a n a l 
y s i s m u s t t h e r e f o r e be viewed a s only a f i r s t s t ep t o w a r d the u n d e r s t a n d i n g 
of a v e r y c o m p l e x p r o b l e m , and even p r e d i c t i o n s m a d e for u n i r r a d i a t e d 
c ladding sub jec ted to mono ton ic load ings m u s t be s u p p l e m e n t e d by e x p e r i 
m e n t a l t e s t s . 
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